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Abstract. We investigate the tilting objects in the stable category of vector 
bundles on a weighted projective line of genus one and realize the classifications 
of the endomorphism algebras of the tilting objects in the category of coherent 
sheaves on the weighted projective line of type (2, 2, 2, 2; A) and in its derived 
category via cluster tilting theory. 



1. Introduction 

Let X be a weighted projective line of genus one over an algebraically closed field 
k. A famous theorem of Lenzing and Meltzer [T7] points that X is of weight type 
(2,3,6), (2,4,4), (3,3,3) or (2, 2, 2, 2; A), where A is a parameter in the projective line 
P 1 (A;) different from 0, 1, oo. Kussin, Lenzing and Meltzer [16] proved that the cat- 
egory vect X of vector bundles on X, under the exact structure called distinguished 
exact, is a Frobenius category with the system £ of all line bundles as the system 
of all indecomposable projective-injectives. A general result of Happel [TT] asserts 
that the attached stable category 

vect X = vectX/[£] 

is triangulated. Here, the stable category vectX/[£] is the category whose ob- 
jects are the objects of vect X and the set of morphisms is given by all morphisms 
factoring through a finite direct sum of line bundles. 

Much of the work on this triangulated category vect X has focused on the tilting 
objects (see for instance [TH1 [5]). Kussin, Lenzing and Meltzer [IB] showed the 
existence of a tilting object in vect X for the weighted projective lines of three 
weights. Chen, Lin and Ruan [5] constructed two tilting objects in vect X of weight 
type (2,2, 2, 2; A). In this way, it seems a little hard to find more tilting objects 
directly in vect X. 

The Fomin-Zelevinsky mutation of quivers plays an important role in the theory 
of cluster algebras initiated in [5] . Motivated by this theory, a mutation of cluster 
tilting objects in cluster categories, and more generally Horn- finite triangulated 2- 
Calabi-Yau categories has been investigated in [6j[T2]. This has turned out to give a 
categorical model for the quiver mutation in certain cases [7j[5]. From the viewpoint 
of mutation, an advantage of cluster tilting theory over classical tilting theory is 
that in cluster tilting theory it is always to mutate. Thus the usual procedure of 
going from a tilting object to another one by exchanging just one indecomposable 
direct summand gets more regular. 
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The main idea of this article is to use cluster tilting theory to investigate the 
tilting objects in yectX. We describe the relationship between the tilting objects in 
vectX and the cluster tilting objects in the orbit category of vect X under the action 
of the unique auto- equivalence G satisfying 



where D denotes the usual duality functor Honifc(— , k) and [1] the suspension func- 
tor of vect X. We prove that the (cluster) tilting objects in vect X/ G z are one to one 
corresponding to the tilting objects in vect X with the slopes of the indecomposable 
direct summands belonging to some given interval. Following this, for the weight 
type (2, 2, 2, 2; A), we realize, independently by Meltzer [TS], a complete classifica- 
tion of the endomorphism algebras of tilting objects in vect X. Furthermore, we 
classify all the endomorphism algebras of tilting sheaves in the category cohX of 
weight type (2, 2, 2, 2; A) at the end of the paper. 

The paper is organized as follows: In section 2, we recall some basic results on the 
category of vector bundles on a weighted projective line. In section 3, we study the 
relationship between the tilting objects in the stable category of vector bundles on a 
weighted projective line of genus one and the cluster tilting objects in the associated 
cluster category. We focus on the weighted projective line of type (2, 2, 2, 2; A) in 
section 4. We show that each tilting object in the stable category pushes to a 
cluster tilting object in its cluster category, and describe all the tilting objects 
corresponding to a given cluster tilting object in the cluster category. Moreover, 
we realize the classifications of all the endomorphism algebras of the tilting objects 
in the category of coherent sheaves and in its derived category. 

Throughout the paper, we view the isomorphism as equality. 
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In this section, we present some materials concerning the category of vector 
bundles over a weighted projective line. 

2.1. Coherent sheaves on the weighted projective line. A weighted projective 
line X is specified by giving a collection A = (Ai, A2, ■ • • , At) of distinct points in 
the projective line P 1 (fc), and a weight sequence p = (pi,P2j' - - ,Pt), that is, a 
sequence of positive integers. Let L be the rank one abelian group with generators 
xi, X2, ■ ■ ■ ,%t and the relations 

P1X1 = P2X2 = ■■■ = p t x t =: c. 
Then each i£L can be uniquely written in normal form 



In addition, if x is in normal form as above, one can define 

x > if and only if I > 0. 

Then L becomes a partial order group, and each x £ L satisfies exactly one of the 
two possibilities: 



DHom(X,y[l]) = Hom(GF,X[l]) 



2. Stable category of vector bundles 



x 




liXi + lc, where < h < Pi and I G Z. 



x > or x < lu + c, 



ON TILTING OBJECTS FOR THE WEIGHTED PROJECTIVE LINES OF GENUS ONE 3 



t 

where u = (t — 2)c — ^2 The element c is called the canonical element of L and 
t=i 

lo is called the dualizing element. 

Denote by S the commutative algebra 

S = k[Xi,X 2 , ■ ■ ■ ,X t ]/I = k[xi,x 2 , ■ ■ ■ ,x t ], 

where / = (fa,-- - , ft) is the ideal generated by /, = Xf* —X% 2 +XiXf 1 , i = 3, • • • , t. 
Then S is L-graded by setting deg(a;i) = Xi (i = 1,2, ••• , t). Hence S carries a 
decomposition 

S = S$ 

into fc-subspaces. 

The category, coh X, of coherent sheaves on X, can be defined as the quotient of 
the category of finitely generated L-graded S'-modules by the Serre subcategory of 
finite length modules 

cohX = mod L (S)/mod{;(S). 
Geigle and Lenzing [TO] showed that cohX is a hereditary abelian category; the free 
module S gives the structure sheaf O, and shifting the grading gives twists E(x) 
for any sheaf E and x £ L. Each line bundle has the form 0(x) for a uniquely 
determined x G L, and there are natural isomorphisms 

Rom(0(x),0(ff))=S ff ^. 

Also, every coherent sheaf is the direct sum of a vector bundle, that is, a sheaf 
with a filtration by line bundles, and a finite length sheaf. By vect X we denote the 
full subcategory of the category cohX formed by all vector bundles. There are no 
non-zero morphisms from any finite length sheaf to vectX. Moreover, the category 
cohX satisfies Serre duality, i.e. bifunctorial isomorphism 

D Ext x (X, Y) =Hom(Y,X(c3)). 

It implies the existence of almost split sequences for cohX with the Auslander- 
Reiten translation r given by the shift with Co. 

The Grothcndieck group Kq(X) of cohX was computed by Geigle and Lenzing 
|10j . and it was proved to be the vector space with basis indexed by elements 0(x) 
with < x < c, where we still write X G Kq (X) for the class of an object X G coh X. 
The determinant is the unique group homomorphism det : Kq(K) — > L such that 

det(0(x)) = x. 

Let p = l.c.m.(pi 1 p2 1 ■ ■ ■ ,pt) and S : L — > Z be the homomorphism defined by 

5 (&) = —. 

Pi 

There are two important Z- linear functions, rank rk and degree deg, on Kq(K). 
The degree function is the composition of 8 and det, that is, deg is determined by 

deg(0(f)) = 5(x). 

The rank function rk : Kq(*K) — > Z is characterized by 

rk(0(x)) = 1. 

For each non-zero object X G cohX, define the slope of X as 

Y _ deg(A) 

^ X -1HX)- 

In more detail, the rank is strictly positive on non-zero vector bundles, then the 
slope belongs to Q; and the rank vanishes on finite length sheaves, then the slope 
is co. 
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From now on, we shall always assume that 

- X is a weighted projective line of genus one, or equivalently, 

- X is of weight type (2,3,6), (2,4,4), (3,3,3) or (2, 2, 2, 2; A), where A is a 
parameter in the projective line P 1 (/c) different from 0, 1, oo. 

Then by [TU], for any two indecomposable objects X, Y in cohX, 

(2.1) Hom(AT, Y) ^ implies fiX < fjY. 
Define the Euler form of X, Y by 

(X, Y) = dim fc Hompf, Y) - dim fe Ext 1 {X, Y). 
We have the following. 

Theorem 2.1 (Riemann-Roch Formula, Q2]). F° r eac ^ X,Y € cohX, we have 
p-i 

J2^ X ' Y ) = rk W dc §( y ) - deg(X) rk(Y). 

<=o 

In particular, if X,Y € vect X, i/ien 
p-i 

(2.2) E< r '' X ' F ) = rk W rk(y)(/iY - /iX). 

i=0 

The following lemma was given in |16) . 

Lemma 2.2. [161 Lemma 5.3] There is a bijective, monotonous map a : Q — > Q 
w«i/i a(g) > g /or all q G Q and smc/i £/iai /i(X[l]) = a(^(AT)) for each indecompos- 
able X e vectX. 

Moreover we have the following tubular factorization property. 

Lemma 2.3. |16| Theorem A. 6] Let X and Y be indecomposable in vectX with 
slopes fJ>(X) — q and y,(Y) = q' . If q' > a(q) then every morphism X — > Y factors 
through a direct sum of line bundles. 

2.2. Stable category of vector bundles. Kussin, Lenzing and Meltzer [IB] de- 
fined a sequence 

-> X' -> X -> X" -> 

in vectX to be distinguished exact if for each line bundle L the induced sequence 

-4 Hom(L,X') -> Hom(i,X) -> Hom(L,X") -4 

is exact, and proved the distinguished exact sequences defined an exact structure 
on the category vect X which is Frobenius such that the system of all line bundles 
is the system of all indecomposable projective-injectives. Therefore, the related 
stable category 

vect X = vcctX/[£], 

is a triangulated category. Denoted by & the stable category vect X and by [1] its 
suspension functor. Moreover, the triangulated category @ is proved to be Horn- 
finite and homologically finite with Serre duality induced from the Serre duality of 
cohX. That is, 

Lemma 2.4 ([HI])- (1) f@ is Horn-finite: For any two objects X and Y in £), 
the space of morphisms @(X, Y) is finite- dimensional. It also ensures that 
S> is a Krull-Schmidt category. 
(2) @ is homologically finite: For any two objects X and Y in $1, £>(X, Y[n}) = 
for \n\ » 0. 
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(3) 3) admits a Serve junctor: For any two objects X and Y in $>, 

9{X,Y[l]) = D9(Y,X(uS)), 

In particular, 3 has Auslander-Reiten triangles, and the shift by to also 
serves as the AR-translation for 3. 

The following result is also taken from [16] . 

Lemma 2.5 (Interval category, [16]). For any a G Q, the interval category 3{a, a(a)], 
the full subcategory of S> obtained as the additive closure of all the indecomposable 
objects with slopes in the interval (a,a(a)], is an abelian category and equivalent to 
the category cohX. 

An object T is called tilting in 9 if 

- T is extension-free, i.e. 3>(T, T[n]) — for each non-zero integer n. 

- T generates the triangulated category 2), i.e., the smallest triangulated 
subcategory (T) containing T is 3. 

In our case, the indecomposable direct summands of extension-free object T in 31 
can be ordered in such a way that they form an exceptional sequence. Then by 
Theorem 3.2] and [H Proposition 1.5], 3 is generated by (T) together with (T)- 1 . 
Hence the 2nd axiom above can be replaced by the following statement (see for 
instance [IB]): 

- for each object there exists some integer n, such that 

9(T,X[n])?0. 

Lemma 2.6. Let T = ©Ti be an object in 3) with indecomposable direct summand 
Ti G 3(a,a(a)] for some a G Q. Then T is extension-free in $J if and only if 
®{T,T[l]) = 0. 

Proof. For any Ti,Tj G 3>(a,a(a)], if n < — 1, then by Lemma [2~2l 

v(Tj[n]) < a < [iT^ 
Hence from (|2.ip . Hom co hx(Ii,Tj[n]) = 0, which implies that 

(2.3) ®{T h T j [n])=0. 
If n > 2, then 

M (T 3 -[n])> M (T,[2])>a( M (T i )). 

By Lemma 12.31 each morphism Tj — > Tj [n] factors through a direct sum of line 
bundles, which implies that 

(2.4) 9(T i ,T j [n])=0. 

Combining 12.31 and 12.41 we finish the proof. □ 

3. Relationship to cluster tilting objects 

Cluster categories were defined in [B] in order to use categorical methods to give 
a conceptual model for the combinatorics of cluster algebras [5]. For this purpose, 
a tilting theory was developed in the cluster category and indeed there has been a 
considerable amount of activity and a lot of results in this direction. We refer to 
the survey [THUD]- In this section, we investigate the tilting objects in the stable 
category of vector bundles on a weighted projective line of genus one via cluster 
tilting theory. 
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3.1. Cluster categories. Let H be a hereditary algebra. In [B] the cluster category 
Ch is defined to be the orbit category of the bounded derived category of finite- 
dimensional right iJ-modules under the action of the auto-equivalence G = t _1 [1]. 
Following this, Barot, Kussin and Lenzing [2] did manage to study the cluster cate- 
gory of a canonical algebra A in terms of the hereditary category of coherent sheaves 
over the corresponding weighted projective line X. Namely they investigated the 
orbit category D fc (cohX)/G z . 

According to [15] , the bounded derived category of coherent sheaves over the 
weighted projective line D b (cohX) is triangular equivalent to the stable category 
of vector bundles &. Thus parallel to [2J, we define the cluster category ^ to be 
the orbit category of the stable category & under the action of the unique auto- 
equivalence G satisfying 

D@(X,Y[l]) = @{GY,X[l]). 

According to section |2~21 the functor G is r _1 [l]. The cluster category has the 
same objects as and for any objects X, Y, morphism spaces are given by 

V(X, Y) = &(X, G n Y) 

with the obvious composition. This orbit category is triangulated and Calabi-Yau 
of CY-dimension 2, and the canonical functor it : 'S — » ^ is a triangulated functor, 
cf. [13] ■ We still denote by [1] its suspension functor. 

3.2. Relationship to cluster tilting objects. Recall from [T3] that, an object 
T in ^ is called rigid if ^(T, T[l]) = 0; and a rigid object T in c € is called a cluster 
tilting object if "af(T, X[l]) = implies X € add(T). 

Throughout this subsection, T — ®Ti is an object in S> with each indecomposable 
direct summand Tj £ ${a, a(a)] for some a £ Q, and we use the same notation for 
T and its image in under the canonical functor tt : & — > ^ . 

Lemma 3.1. The object T is extension-free in S> if and only ifT is rigid in < H> . 

Proof. By definition and Lemma 12.31 we have 

tf(T, T[l\) = &>(T, G i T[l]) = 9{T, T{uj)) © 9{T, T[l\). 

According to Lemma YTM 

®{T,T[l\) = D3>{T,T{lu)). 

Hence 

9(T, T[l]) = if and only if <af(T, T[l]) = 0. 
By Lemma \2. 61 T is extension- free in Qi if and only if T is rigid in . □ 

The following lemma is crucial for us to describe the relationship between the 
tilting objects in 9 and the cluster tilting objects in % '. 

Lemma 3.2. If T is a cluster tilting object in ', then T(uS) © T(—C3) £ (T). 

Proof. It suffices to show that for each indecomposable direct summand Tj of T, 

Ti{u$)®Ti{-Q) e (T). 

By Lemma \TM @{T i: T 2 (lD)[1]) = D9{T h Ti) / 0, which implies T t (uj) e (T). 

In the following we show that T 4 (-cJ) 6 (T). If &(T, T^-lu)) ^ 0, we have done. 
If else, there are two cases to consider: 

Case 1: T 4 (-2w) = T € add(T) and therefore T^-Q) = T'(u) € (T). 
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Case 2: T 4 (-2w) £ add(T). It follows that 

+ Sf(T,Ti(-2tf)[l]) = ^(T,T i (-2w)[l]) © ®{T,Ti{-i2)). 

Then the assumption i^(T, Ti(— tU)) = implies that 

^(T,T i (-2w)[l])^0. 

Let : T(uj) — > Ti(— w)[l] be the minimal right add(T(cJ))-approximation 
of Ti(-uj)[l] and 

(3.1) f(t3)4Ti(-c3)[l]->y->r(t3)[l] 

be the induced triangle. Thus T t (-uj) G (T) if F G (T). 

We claim that y does be in (T). In fact, let Yj be any indecomposable 
direct summand of Y. If $>(T, Yj [-1]) ^ 0, then y, e (T). Now we suppose 
that 

(3.2) 3>{T,Y 3 [-l\) = 0. 

Applying 2$(T(w), — ) to the triangle (|3.ip , we obtain the following exact 
sequence 

@(T(Z),T>m OJ(T(a)fi \ @(T(uj),Ti(—uj)[i\) -> #(T(u>),y) -> 0. 

Note that is the minimal right add(T(w))-approximation, so @(T(uj),0) 
is surjective. It follows that 

(3.3) S>(T(w),y) = 0. 

Again by applying 3J(G n T(uj), — ) to the induced triangle (|3.ip . we have 

^(G n T(uJ), y) = for any n ^ 0, 1. 
Combining with (13. 2[) and (|3.3[) , we get 

^(T^-uJ)) =0^(G"T,y j .(-oJ)) = 0. 

n£Z 

It follows that y, (— w)[— 1] G add(T) since T is a cluster tilting object in 
<€. Hence there exists some T" G add(T) such that Yj = T" (£)[!] G (T). 
So we have Y G (T). This finishes the proof. 

□ 

The main result of this section is the following. 

Theorem 3.3. The object T is a tilting object in S> if and only if T is a cluster 
tilting object in . 

Proof. Firstly, we show the "if" part. By Lemma l3~T1 and Lemma l2~2l it is sufficient 
to show X e (T) for each indecomposable object X G @(a, a(a)]. 

Obviously, X G (T) if X G add(T). So we only need to consider the case that 
X <£ add(T). It follows that 

^ <£{T,X[l]) = S>(T, X{u)) © £>(T,X[l]). 

If @(T,X[1]) ^ 0, then X G (T). If else, we get 

Let 9 : Tx(— w) — > X be a right add(T(— w))- approximation of X and 

(3.4) Tx(-aJ) Al^f ->T X (-C3)[1] 

be the induced triangle in @>. By Lemma [XU Tx{— w) G (T). Hence we only need 
to show that Y G (T). In fact, by similar arguments in Lemma 13.21 we obtain 

(3.5) @{T{-<2),Y) =0. 
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Since fi(X) G (a,a(a)] and ^{Tx{— w)[l]) G (a(a),a 2 (a)], we know that for each 
indecomposable direct summand Yi of Y, 

fiY t G (a, a 2 (a)]. 

Case 1: (jYi G (a,a(a)]. Then from (T, Y^l]) = ^(T,F 4 [1]). Apply- 

ing 0(T[-1],-) to the triangle (JSHJl, we get 3>(T\-l],Y) = 0, which implies 
^(T,Fi[l]) =0. Hence Yi € add(T). 

Case 2: ^ G (a(a), a 2 (a)]. Then from §3J, <r(T,Y;(w)) = ^(T,^(2dJ)[-l]). 
Applying 0(T(-2w)[l],-) to the triangle (JSU), we get 0(T(-2dJ)[l], Y) = 0, 
which implies ^(T, Yj(u;)) = 0. Thus Yi(u5)[— 1] G add(T), i.e., there exists some 
T" G add(T) such that Y t = T'(-u)[l]. Hence by Lemma 1X21 Y, G (T), as claimed. 

Conversely, let T be a tilting object in S '. By Lemma 13. 11 we only need to prove 
that ^(T, X[l}) ^ with an indecomposable X not occurring as a direct summand 
of T. Since there exists some n G Z such that /j,G l X G (a, a(a)], without loss of 
generality, we assume /iX G (a, a (a)]. Then by Lemma 12.31 

T(T,X[1]) = ^(T,X(c3))8^(T,X[l]). 

It is sufficient to show that @(T,X[1]) = implies @(T,X(fi)) ^ 0. Note that 
(T) = S> and 0(T,X[n]) = for n ^ 0, 1, the assumption 0(T, A[l]) = implies 
that 2>{T, X) ^ 0. Let : -> X be a right add(T)-approximation of X and 

(3.6) T X ^X^Y^T X [1] 

be the induced triangle in @. As in Lemma 13721 it is easy to know that 

(3.7) 0(T,Y)=O. 

Moreover, by applying < 3{T\p\ 1 — ) to the triangle (|3.6I) . we get 

@(T[n],Y) = for any n ^ 0, 1. 

Then combining with (|3.7p . we have 3>(T[l],Yi) ^ for each indecomposable direct 
summand Yi of Y. Hence /jYi G (a(a), a 2 (a)]. Let 5 : Ty[l] — >• Y - be the minimal 
right add(T[l])-approximation of 1" and 

(3.8) T Y [1]\y ^ Z ^ T Y [2] 

be the induced triangle in S> . Applying 2#(T{1], — ) to the triangle (|3.8|) . we have 

0(T[1],Z) = 0. 

Moreover, it is easy to check that 

@(T[n], Z) = for any n ^ 1, 2. 
Again since T is tilting, for each indecomposable direct summand Zj of we have 

0(T[2],Z,-)^Q. 

Thus 

/x(Zj) > a 2 (a). 
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By Lemma 12. 31 we have @(X, Z) = 0. Hence there exists a morphism 7 : X 
T y [l], such that /3 = £7 ^ 0. 

Tr[l] 



T X ^^X 



Y 



■Tx[l] 



Ty[2] 

Then by Lemma l2~4l 

@(T Yi X(lu)) = D9(X,T Y [1]) / 0. 
This finishes the proof. □ 

4. Tilting objects for weight type (2, 2, 2, 2; A) 

This section dedicates to investigate the tilting objects in the stable category of 
vector bundles on a weighted projective line of weight type (2, 2, 2, 2; A). Through- 
out @ is the stable category vect X of vector bundles and ^ is the attached cluster 
category. 

4.1. Canonical tilting object. Kussin, Lenzing and Meltzer [TB] showed the ex- 
istence of a tilting object in yectX for the weighted projective lines of three weights. 
For type (2, 2, 2, 2; A), Chen, Lin and Ruan [8] constructed a tilting object in yectX 
whose endomorphism algebra is a canonical algebra of type (2,2,2,2). 

Let E be the object defined uniquely up to isomorphism as the central term of 
the almost-split sequence 

-> 0(lu) -> £ -> -> 0. 

Set 

F = £(w + c)[-l]. 

For each i = 1, • • • ,4, let Ei be the central term of the non-split exact sequence 

-> e»(c3) -> -> -> 0. 

We have the following easy observation. 
Lemma 4.1. For each i = 1, • • • ,4, 

-> -> F -> J5(cD + Xi) ->• 
is an exact sequence in cohX. 

Proof. Let P(E(lj + 5)) be the projective cover of + c). By [5], 

4 

P(£(dJ + c)) = 0{c) © (0 0(u5 + £,))■ 

We have the following exact sequence in cohX 

(4.1) ^ F ^ P(E{lj + c)) -^E{lj + c) 0. 
Applying Hom(- , 0(x*i)) and Hom(— , E(u + Xi)) to (|4.1j) . we have 

(4.2) Hom(F,C(f,)) = and Hom(F, J5(dJ + = k. 



10 



CHEN, LIN, LIU, AND RUAN 



We prove that any non-zero morphism (f> : F — > E(lu + Xi) is surjective with kernel 
O(w). In fact, Im <\> is of rank one or two because it is a subbundle of E(Q + Xi). If 
rk(lm0) = 1, then Im0 = 0(xi) follows, contradicting (|4.2I) . Hence rk(Ini(/>) = 2. 
The only possibility of Im</> is E(uj + Xi), that is, <fi is surjective. It follows that 

rk(Ker0) = 1 and det(Ker0) = w, 

which ensure that Kertj> = 0(uj). This finishes the proof. □ 

The following is the main result in [8]. 

Lemma 4.2. [8] The object 

4 
i=l 

is a tilting object in @ and the endomorphism algebra End(T can ) is a canonical 
algebra of type (2,2,2,2). 

In fact, 

Lemma 4.3. The object T can is a cluster tilting object in . 

Proof. Since T can is a direct sum of indecomposable vector bundles with slopes in 
the interval (a _1 (l), 1], by Theorem 13.31 we get what we want. □ 

4.2. Quiver mutation and cluster tilting mutation. In the fundamental paper 
[§], Fomin and Zelevinsky introduced the notion of mutation of quivers as follows. 
Let Q be a finite quiver without loops and oriented cycles of length 2 (2-cycles for 
short). Let i be a vertex of Q. The mutation of the quiver Q at the vertex i is a 
quiver denoted by ^i{Q) and constructed from Q using the following rule: 

(Ml) for any couple of arrows j — > i — > fc, add an arrow j — > k; 
(M2) reverse the arrows incident with i; 
(M3) remove a maximal collection of 2-cycles. 

Example 4.4. Let Q be the quiver 



2 




■5 



It is easy to compute that the mutation class ( the set of all quivers obtained from 
Q by iterated mutations ) consists of the following 4 quivers up to isomorphism. 



2 2 2 




Qi = Q Q 2 = -# 2 (Qi) Q 3 = ^ 3 (Q 2 ) Q4 = ^ 6 (Q 3 ) 
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An advantage of cluster tilting theory over classical tilting theory is that from 
a cluster tilting object in a 2-Calabi-Yau triangulated category C, it is possible to 
construct others by a recursive process resumed in the following. 

Theorem 4.5 ([51 [H|). Let C be a Horn-finite 2-CY triangulated category with 
a cluster tilting object T . Let Tj be indecomposable and T = Tq © T. Then there 
exists a unique indecomposable T* non-isomorphic to Ti such that Tq © T* is cluster 
tilting. Moreover T± and T* are linked by the existence of exchange triangles 

Ti A 2? ^Ti[l] and T* ^ B' ^ T T*[l] 

where u and u' are minimal left add To- approximations and v and v' are minimal 
right add Tq- approximations. 

This recursive process of mutation of cluster tilting objects is closely related to 
the notion of mutation of quivers in the following sense. 

Theorem 4.6 ([5 ). LetC be a Horn-finite 2-CY triangulated category with a cluster 
tilting object T. Let Ti be an indecomposable direct summand of T . and denote 
by T' the cluster tilting object ~#T; (T) . Denote by Qt ( resp. Qt> ) the quiver 
of the endomorphism algebra Endc(T) (resp. Endc(T') y ). Assume that there are 
no loops and no 2-cycles at the vertex i of Qt (resp. Qt' ) corresponding to the 
indecomposable Ti (resp. T* ). Then we have 

Qt< = JKi{Qr), 

where ^£i is the Fomin-Zelevinsky quiver mutation. 

We shall make frequent use of the following results. 

Lemma 4.7. For each i = 1, • • ■ ,4, there is a triangle in ^ 

Ei ^F^E(u + Xi) -+Ei[l]. 

Proof. For any i, there is an almost split sequence in cohX 

(4.4) ->■ 0(xi) A E(u + x{) -> OiQ + x { ) -> 0. 
Applying the functor Hom(— , O(w)) to (|4.4[) . we get 

Ext 1 ( J B(o; + Si), 0{u)) = Ext^O^), O{0j)). 

By Lemma 14.11 there exists a commutative diagram induced by pullback of i and 

</>: 

^ 0(lj) Ei <D(xi) ^ 

a, O » 

0{u) F — ^ E(lo + Xi) . 

Moreover, we know that the right square is also a pushout. Hence 0.$ : Ei — > F 
is injective and Coker(ai) = Coker(i) = 0(u + Xi). Then we obtain the following 
exact sequence: 

(4.5) -> Ei -A F -> 0{u + Si) -> 0. 
Denote by I{Ei) the injective hull of Ei. By[8 , 

L(E l ) = 0(x l )®(($0(c3 + x J )). 
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There is the following pushout 

s- E t ^ F > 0{oj + Xi) *~ 



I(Ei) ^ C >■ 0{uj + Xi) *- 0. 

Notice that for any j ^ i, 

Ext x (0(S + Xi),0(Q + Xj)) = 0. 
Combining with (|4.4I) . we get 

C = E(C3 + © (0 0(C3 + x^). 

Hence, there exists a triangle in & 

Ei-> F Elp + Si) -> Ei[\]. 

Since 7r : & — > c <o is a triangulated functor, we get what we want. □ 

Lemma 4.8. The following is a triangle in %f 

F[-l] -> E(xi - x 2 ) F 3 © F 4 ^ F. 

Proof. From (|4.5p . we obtain the following commutative diagram induced by the 
pullback of 03 and 04 

»- A — F 4 B ^ 

b 3 <U b 

S 3 p _ o(t3 + f 3 ) »- 0, 

where the induced maps 63, 64 and b are all injective. Notice that 

fiE^ — - and fi(0(ti + x 3 )) = 1. 

We get £ = or B = 0(uj + x 3 ). The fact Hom(£ 4 , E 3 ) = ensures that 

B = 0{u + x 3 ). 

It follows that the kernel A satisfying det A = x 3 — £4 and rk A = 1 . Hence 
A = 0(x 3 — Xi), and the left square is also a pushout. Thus there is an exact 
sequence in cohX 

-> C(f 3 ~ -> S 3 © £4 -> F -> 0. 
Denote by F(F) the projective cover of F. By [5], 

P{F) = 0{uf®{<$0{$ i -x j )). 

Now consider the following pullback diagram 

*~ 0{x 3 - Xi) s- C F(F) s- 



s~ (D(x 3 - Xi) F 3 © F 4 F 0. 

It is easy to see that for any ieL with S(x) = 0, 

Ext 1 (C(x f ), 0{x 3 — Xi)) ^ if and only if x = a?i — X2- 

Thus in 

C = E(2 1 -S 2 ). 
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Similarly to the proof of Lemma B~Tl it is easy to know that there exists the following 
triangle in c & 

F[-l] -)• E(x! - x 2 ) -> Es,®E A ^ F. 

□ 

In [16] . particular attention was given to the indecomposable vector bundles of 
rank two, which led to all major results there. The following question was raised 
by H.Lenzing. 

Question 4.9. Whether one can construct a tilting object in vect X of weight type 
(2, 2, 2, 2; A), consisting of rank two bundles? 

The following is the main result in this subsection, which gives a positive answer 
to this question. 

Theorem 4.10. The object 

4 2 

T rk = E © E{xt - x 2 ) © (0 Ei) © (0 E(lj + Sj)) 

i=3 3 =1 

is a tilting object in & , with the quiver of the endomorphism algebra End@(T r k) as 
the following 

Ts,: E *-E 3 *-E(b3 + 2i) 




E(xi - x 2 ) Ei E{uj + x 2 ). 

Proof. By Lemma 14.31 

4 

r can =E®(Q)E i )®F = E 1 (BT 

i=l 

is a cluster tilting object in ^. And the quiver of endomorphism algebra End^(T can ) 
has the form 

Ei 




where a\ : E\ — >• F is the minimal left add T-approximation easily known from the 
above quiver. Then by Theorem 14.51 

4 

T* = E © (0 Ei) © F © E{oj + xi) 

8=2 
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is a cluster tilting object in ^ . By Theorem 14.61 we obtain the quiver of End^T*) 
as follows 

E(u+xi) 




Write T+ as T* = E 2 © T*. Similarly, we obtain that a 2 : E 2 — > F is the minimal 
left add ^-approximation in ^ and 

4 2 
r** = B © (0 Ei) © F © (0 £7(aJ + x,)) 

i=3 j=l 

is a cluster tilting object, whose endomorphism algebra End^T**) has the quiver 




Write T** as F © T+±. By Lemma T4.81 there exists a triangle in ^ 

-> - x 2 ) -^E 3 (BE 4 F, 

where (03,04) : E3 © £4 — > F is the minimal right add T^-approximation easily 
known from the above quiver. Hence T r k is a cluster tilting object in 'rf whose 
endomorphism algebra End<^(T r k) is given by 



E(xi - x 2 




E{(2 + S x ) 



E(u + x 2 ). 



Notice that T r k G @(ct 1 (1),1], applying Theorem 13.31 again completes the proof. 

□ 

Remark 4.11. In the proof, we obtain four cluster tilting objects T can ,T- kl T- k - k ,T r ], i 
in '. As Example \4-4\ indicated, the set of quivers of their endomorphism algebras 
is the mutation class of Q. Notice that the tilting graph of is connected (see 
for instance ^\), hence for any cluster tilting object T in c (o , the quiver of the 
endomorphism algebra End^(T) belongs to list 
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4.3. Further relationship between tilting and cluster tilting objects. In 

this subsection, we investigate further relationship between the tilting objects in 
S> and the cluster tilting objects in "if for X of weight type (2, 2, 2, 2; A). Namely, 
under the canonical functor 7r : 3 — > tilting becomes cluster tilting. And on 
the other hand, we describe all the tilting objects corresponding to a given cluster 
tilting object. 

For any a £ Q, let $ a : *&{a, a(a)] — ► cohX be the equivalence introduced in 
Lemma l2~51 The following lemma shows that $ a preserves the order of slopes. 

Lemma 4.12. For any indecomposable objects Fi,F 2 £ @(a,a(a)], 

fj.Fi < fiF 2 if and only if /*($ a (Fi)) < /x($ a (F 2 )). 

Consequently, 

fj.Fi = fiF 2 if and only if n{$ a {F x )) = /i($ a (F 2 )). 

Proof. Notice that the rank of each tube in the Auslander-Reiten quiver of & or 
cohX is less than or equal to two. We know that Fi and F 2 are in the same tube 
if and only if 

9{Fi, rFj ®Fj)^0 for i^j, 

equivalently, 

Hom($ a (F 4 ), $ a (F,) © r($ a (F,-))) ^ for i ± j, 

that is, <£> a (Fi) and $ a (F2) are in the same tube. 

For the necessity, firstly we claim that fiFi < fjF 2 implies fj($ a (Fi)) < ft(®a{F 2 )). 
Otherwise, by Riemann-Roch Formula (|2.2I) . 

dim fc Hom($ a (F 2 ), $ a (Fi) © r($ Q (F 1 ))) 

= (* a (F 2 ),$ a (F 1 )ffir($ a (F 1 ))) 

= rk(*„(Fi)) rk($ a (F 2 ))(/i($ a (F 1 )) - fi($ a (F 2 ))) > 0, 

Hence by Lemma [231 $>(F 2 ,Fi © tF x ) 0. It follows that fiF x > fiF 2 , which is a 
contradiction. 

Secondly, we show that / u($ (Fi)) = fi{<& a {F 2 )) implies fj.Fi — fiF 2 . There are 
two cases to consider: 

Case 1: $ a (Fi) and <& a (F 2 ) are in the same tube. We have done. 

Case 2: 3> (Fi) and <J> a (F 2 ) are in different tubes. Without loss of generality, 
we suppose that fj.Fi < fjF 2 for contradiction. By the structure of the 
Auslander-Reiten quiver of there exists F3 S 3$ such that 

fiFi < fiF 3 < fiF 2 and 9{F U F 3 ) + 0. 

It follows that 

^a(Fi)) < < K$a(F 2 )), 

which implies /i($ a (Fi)) = /i($ a (F3)). Moreover, since 

Hom($ (F 1 ),$ (F 3 )) = @(Fi,F 3 ) + 0, 

we obtain that $ n (Fi) and ^a(F 3 ) are in the same tube. It follows that Fx 
and F3 are in the same tube, which is a contradiction. 

We now prove the other hand. It suffices to prove that 

fjFi = fiF 2 implies /i($„(Fi)) = /i($ a (F 2 )), 
since we have shown above that 



fj.Fi > fiF 2 implies /i($ (Fi)) > /i($ a (F 2 )). 
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For contradiction, we assume /i($ a (Fi)) < /i(<I> a (F 2 )) without loss of generality. 
Then 

#(Fi,F 2 ©rF 2 ) = Hom($ (Ji), $ a (F 2 ) © r($„(F 2 ))), 
which is not zero by Riemann-Roch Formula (|2.2I) . It follows that Fi and F 2 , 
furthermore $ Q (Fi) and $ a (F 2 ), are in the same tube, a contradiction to the as- 
sumption. □ 

The following result is crucial. 

Lemma 4.13. Let Fl,F 2 &e indecomposable objects in £}(a,a(a)]. If fiFi < /uF 2 , 
then 3'{F 1i F 2 ®tF 2 )^0. 



Proof. By Lemma 12. 5[ Lemma 14.121 and Riemann-Roch Formula 
dim fe &(F 1 ,F 2 ®tF 2 ) 
= dim* Hom(4„(Fi), 3> a (F 2 ) © r($ a (F 2 ))) 
= ($ a (F 1 ),$ a (F 2 )ffir($ a (F 2 ))} 

= rk($ a (F)) rk($ a (F 2 ))(/x($ a (F 2 )) - /*($„(*!))) > 0. 
This finishes the proof. □ 
4.3.1. Projecting a tilting object. Recall from [5] that each tilting object in §! con- 

6 

sists of just six indecomposable direct summands. Let T = ® be a tilting object 

i=i 

in ^. Without loss of generality, we assume \iT\ < /uT,+i, i = 1, • ■ • ,5. 

Lemma 4.14. For all the indecomposable direct summands Ti, the slope \xTi is in 
the range a < /zTj < a(a) /or some a G Q. 

Proof. In fact, we show that for any i, 

MTi<M(Fi[l]). 

Otherwise, there exists some z and n > 2 such that 

/iTj < /i( T iW) <A»(r<[i]). 

If j«T, ^ /i(FiM), by Lemma HH 

^(Ti,Ti[n]©r(Ti[n])) ^ 0. 
But the fact that T is a tilting object in 9 implies that 

@{Ti,T\[n}) = 0, 

and 

^(T i ,r(T 1 [n]))= J D^(T i [n-l],T j ) = 0. 
These give a contradiction. Thus 

(4.6) /iT^MFiM). 
For those j < i with fiTj < /Lt(Ti[l]), we claim that 

(4.7) /iTj- = /iTi. 
In fact, since 

M T 2 = M (Ti[n]) > M (T> - 1]) > /i(F,-[l]), 

by the similar arguments above, there exists some kj > 2 such that fj,Ti = fj,(Tj[kj]). 
Comparing with l|4.6p . we get fi(Tj) = /i(J\[n - &,•]). Then (|4~7| follows from the 
assumption ^Ti < /xTj < /i(Ti[l]). By means of (|4.6[) and (|4.7|) . we have shown 
that the slope of each indecomposable direct summand of T has the form fi(T\\m\) 
for some integer to. 
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By [5] the exceptional objects in S lie in the bottom of tubes of rank two. The 
indecomposable direct summands of T are orthogonal to each other if they have 
the same slope. Combining with Lemma 12.31 we obtain 

9{T S , T fc ) ? if and only if T k = tT, [1] . 

It is not hard to see that the endomorphism algebra End(T) is not connected, which 
is impossible. This finishes the proof. □ 

The next lemma shows that we can obtain a series of tilting objects from T. 
Lemma 4.15. For 1 < i < 5, the object 

(©GTi)©(0 T i) 

j = l j=i+l 

is tilting in S. 

Proof. We only prove the object 

6 

T' = GT 1 ©(0T i ) 

i=2 

is tiling in S, the others are similar. 
The following two equalities, 

9{GT u Ti[n]) = DS!{T % [n - 2],T X ) = for any n € Z 

and 

Si{T h GTx[n]) = D@(Ti[n],Ti) = for any n ^ 0, 
imply that T 1 is extension- free. Moreover, we know that T\ £ (T") since 

9{GTx,T x [2]) = D@(T u Ti) ^ 0. 
Hence S — (T) C (T") C S, which implies (V) = S>. □ 

The following shows that each tilting object in S pushes to a cluster tilting 
object in , 

Theorem 4.16. The image of T in c & is a cluster tilting object. 
Proof. Lemma 14.141 implies that 

/iT 6 </i(Ti[l]). 

There are two cases to consider. 

Case 1 : fiT^ < /x(Ti[l]). Then all the indecomposable direct summands are of slopes 
in the interval (/i(Tq[— 1]), fi(T^)}. Hence tt(T) is a cluster tilting object in 
by Theorem 1531 

Case 2: [iTq = /z(Ti[l]). Let i be the largest index satisfying [iT\ = [iTi. Lemma 
14.151 implies that 

T " = (® GT j) © ( © Tj) 

3=1 3=i+l 

is tilting in S. Clearly, the slope of each indecomposable direct summand 
is in the interval (/iTi,/i(Ti[l])]. Then by Theorem[331 tt(T") is a cluster 
tilting object in ^ . Note that T and T" have the same image in % ?. We 
get what we want. 

□ 



18 



CHEN, LIN, LIU, AND RUAN 



4.3.2. Lifting a cluster tilting. By Theorem l3.31 there is a one to one correspondence 
from the set of tilting objects in @(a, a(a)] to the set of cluster tilting objects in 

6 

"if. Each cluster tilting object in ^ has the form 7r(T), where T = (J) Tj is tilting 

i=i 

in S>. As before, we always assume //Tj < //Tj+i for 1 < i < 5. A lifting of 7r(T) to 
^ is an object X in ^ with 7r(A) = tt(T). Obviously T is a lifting of n(T), and 
any other lifting has the form 

6 

0G fci Ti, where k t e Z. 

i=l 

6 

Theorem 4.17. Let V = G fel T &e a lifting ofn(T). Then T is tilting in 9 if 

i=l 

and only if ki > kj > ki — 1 whence pTi < /xT., . 

Proof. Assume T' is tilting in @ and //Tj < fiTj . Then Lemma 14.131 implies that 

@(Ti, tTj © Tj) ^ 0. 

Notice that 

^(G^T^G^Tjlki - kj}) = @{T u T k <- k iT 3 ) 

and 

2>(G kj Tj , G kl Ti[kj -Ja + 1]) = ^(T^T^-^TipL]) = TJ>^(T, t^^T}). 

Hence T 1 is extension- free implies that either ki — kj = or kj — ki + 1 = 0, that 
is, A^^ kj ^ fcj 1 . 

Conversely assume /iTi < pTj implies ki > kj > ki — 1. Arrange the indecom- 
posables Tj with same slope by fcj to ensure 

fci > fe 2 > ••• > fc 6 > fci - 1. 

If k± = &2 = • • • = ke, then T' = G ke T is a tilting object in If else, there exists 
some 1 < I < 5, such that 

fci = • • • = h > k i+1 = ■ ■ ■ = k 6 = ki - 1. 

So 

T' = G ke (G(Ti © ■ • • © Tj) 9 (T+i © • • • © T 6 )). 
By Lemma T4. 151 T' is a tilting object in □ 

6 

Corollary 4.18. Let T' = ® G fc 'T &e a ft/imfli ofn{T). If T' is a tilting object 

in & , then //(G fci Tj) 6 (a, a(a)] /or any i and some a e Q if and only if ki = 
kj whence pTi = [iTj. 

Proof. Assume that all the slopes /i(G fci Tj) belong to (a,a(a)] and //Tj = pTj. For 
contradiction, we assume fcj > kj without loss of generality. Then 

fi(G ki Ti) = fi(Ti[ki]) > M^-fe + 1]) = «(//(%])) - a (/i(G^T,)), 

which gives a contradiction. 

On the contrary, by Theorem 14 .171 the tilting object T' has the form 

T' = G k6 (G(Ti © ■ • • © T» © (T,+i © • • ■ © T 6 )) for some L 

Since //Tj = pTj implies fcj = fcj, we have //T/ < pTi + \. Hence for any 1 < i < 6, 
we have 

MG fc 'T) G [M(G fe6 T i+1 ),/x(G fe6+1 T0] C ( A i(G' £6 T),M(G fe6+1 T / )]. 
Set a = p{G k6 Ti). We get what we want. □ 
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4.4. Endomorphism algebras of tilting complexes and Meltzer's list. In 

this subsection, we will provide complete classifications of endomorphism algebras of 

6 

tilting complexes in D b (cohX) and tilting sheaves in cohX. As before, let T = (J) Ti 

i=i 

be a tilting object in where Ti £ @(a,a(a)] for some a G Q. Let Y<g be the 
quiver of the endomorphism algebra End^(T) and T@ be that of End@(T) (in fact 

E n( ig)(a,a(a)]Cr))- 

Lemma 4.19. For any i ^ j, 

(1) S>{Ti,Tj) ^ if and only if pT t < pT j; 

(2) ^(Tj, Tj) = if and only if pTi = 1-iTj. 

Proof. (1) By [H], the indecomposable direct summands of T lie in the bottom of 
tubes of rank two, and they are orthogonal to each other if they have the same 
slope. Hence @{T l7 Tj) ^ implies pT t < pTj. 

Conversely, by Lemma 14.131 pTi < pTj implies that 

But 

9(T i ,TT j ) = D9(T j ,T i [l]) = 0. 

Thus 9(T h Tj) ± 0. 

(2) Let ff(Ti,Tj) — 0. For contradiction, we assume pTi < pTj without loss of 
generality. Then S>{T u Tj) ^ by (1). It follows that c tf(T u Tj) ^ 0, a contradiction. 
On the contrary, pT t = pTj implies that (Ti, Tj) is an orthogonal pair [8]. Hence 

^(T u Tj) = 9(Ti, T 3 ) © 9(T it GT 3 ) = @{T h Tj) © D@(Tj,Ti) = 0. 

□ 

Let Si : Ti — > XJ.i be the minimal left add(T\Xi)-approximation of Tj in ^ . 

Lemma 4.20. IfT^ has no 2-cycles and there exist i ^ j satisfying 

(i) the approximations Si and Sj have the same target T' ; 

(ii) for each indecomposable direct summand T m of T 1 , 

dim^(T,,T m ) = dim <*f(T.,-,T m ) = 1; 

then \iTi = pTj . 

Proof. For contradiction, we assume pTi < pTj without loss of generality. Then 
Lemma T4. 19( 1) implies 2#(Ti, Tj) ^ 0. So there exists a path p from Ti to Tj in T@ 
and then in . By condition (i), the length of p is greater than one. Hence there 
exists at least one indecomposable direct summand T m of X", such that 

pTi < pT m < pTj. 

Furthermore, we claim that for any indecomposable summand T n of T', 

(4.8) pTi < pT n < pTj. 

In fact, if pT n > pTj for some n, according to condition (ii), we get 

dim 9{T u T n ) = dim 9{T h T n ) = 1. 

Then by (i), the composition Ti — > Tj — > T n vanishes, which induces an arrow from 
T n to Ti in Y<g since ^(T, T) can be explained as a trivial-extension and then a 
relation-extension algebra of 2#(T,T), cf. [2TJ[T]. Hence a 2-cycle between Ti and 
T n appears in r<g>, a contradiction. If pT n < pTi for some n, then S)(T n ,T m ) =/= 
by Lemma r4.19f l). Moreover, according to condition (ii), 

dim^(G -1 Tj,T n ) = dim0(G -1 Tj, T m ) = 1. 
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Similar arguments show that a 2-cycle between Tj and T m appears in IV, which is 
a contradiction. Thus the claim (|4.8[) holds. It follows that 

^(Tj,T') = g>(Tj,GT'). 

Hence the approximation Sj : Tj — > T' in lifts to a triangle in £^ 

e : T 3 ; GT' ->• T* -> Tj-[1]. 

Applying 3>{Ti, — ) to £, we obtain 

(4.9) ^(Ti,r*[-1])^0. 

But e induces a triangle in c £: 

e-.T^T^T* ^T^l]. 

By Theorem 14. 51 T* is a complement of the almost complete cluster tilting object 
T\Tj. Note that [2] = G 2 in 9. Therefore 

Sf(T(,27[-l]) = Sf(T(, 27[1]) = 0, 

which gives a contradiction to (|4.9[) . This finishes the proof. □ 

Now we can give a classification of all the endomorphism algebras of tilting 
complexes in Z? b (cohX). For a totally different approach, see [T^J Theorem 10.4.1]. 

Theorem 4.21. Let E be a finite dimensional k-algebra. Then E is an endomor- 
phism algebra of a tilting complex in Z? 6 (cohX) if and only if E belongs to the 
following list. 

List 1 Endomorphism algebras of tilting complexes of type (2, 2, 2, 2) 



algebra 



quiver 



relations 



-Bis 




&3d3 = b 2 a 2 - bxai 
&4C14 = 62^2 — A&idi 



ci&i = 
c 2 b 2 = 
(c 2 - ci)& 3 = 
(c 2 - Aci)6 4 = 



113 



aici = 
c 2 6 2 = 
(c 2 - ci)6 3 = 
(c 2 - Aci)6 4 
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3 V 




a\Ci = 
a 2 c 2 = 

(c 2 - Ci)6 3 = 

(c 2 - Aci)6 4 = 

C1&4 = 

»ic 2 = 
a 2 (c 2 - ci) = 
«3(c 2 - Aci) = 



aici = 
a 2 c 2 = 
«3(c 2 - ci) = 
o 4 (c 2 - Aci) = 



6404 = fe 3 a 3 - 6 2 a 2 
^1(63^3 - A6 2 a 2 ) = 



cb 2 = 

eidi& 3 = 

(ddi - ^-c)b A = 

c6 3 = 

e\d\bi = 

a 2 (eirfi - ^c) = 

a 2 c = 

«3eidi = 

(ddi - 2 ^ i c)6 4 = 
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di 



1" 



B 



23 



2' 



^ o' 3' 



4' 



a2C = 
a3eic?i = 



A-l 
A 



c) = 



B 
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2' 



1" 0' 3' 



62 
63 



a.4 64 



:5' 



6 4 a 4 = 6 3 a 3 — 6 2 a 2 
(6 3 a 3 - A6 2 a 2 )ei = 



3 1" 

a 3 >^ \^ 63 di 



B31 0; "5^ 



B; 



32 



2" 



3. 1" 

63 di "\ ei 

■5- *■ 0' 

64 >^ ^\ (^2 e2 



2" 



di(6 4 a 4 - 6 3 a 3 ) = 
d 2 (6 4 a 4 - A6 3 a 3 ) = 



(e 2 d 2 - eidi)6 3 = 
(e 2 d 2 - Aeidi)& 4 = 



i33 



di v. ei 



4^5' 0'-^3' 

t"2 e 2 ^ 



2" 



a 3 {e 2 d 2 - eidi) = 
(e 2 d 2 - Aeidi)&4 = 



B 
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91 «4 : 
/204 
Ms 
/2/I4 






gxhi = 
A9 2 ft, 3 = 




91 a-4 = U 
/ 2 a 4 = 

fcl/l - ^2.92 = 

fcigi - Afc 2 / 2 = 
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Proof. Assume E = End C b( cohX ) (T c ) for some tilting complex T c in _D fc (cohX). 

Since D b (cohX) = 2# by [15], we can view T c as a tilting object in £P and E = 

End^(T c ). By Theorem 14.161 7r(T c ) is a cluster tilting object in "jf. Hence the 

quiver T of the endomorphism algebra End^(7r(T c )) belongs to list (|4.3[l according 

6 

to Remark |4~TT1 By Theorem [331 we suppose tt(T c ) = tt(T) for some T = T u 

i=l 

where Ti 6 &(a, a(a)} for each i and some a 6 Q. As before, we assume /iT^ < fiTi + i 
for 1 < j < 5. 

If T = Qx, then by Lemma [00] and EH 

^Ti < /iT 2 = fiT 3 = fiTi = iiT b < [iT 6 . 

By Theorem 14. 171 T c has the form(under the equivalence G ke ) 

6 5 

Ti or GTi © (0 G^T,) © T 6 , 

i=l i=2 

where fc,; = or 1 for 2 < i < 5. For some choice of the representatives for the 
arrows, E is isomorphic to B\\, B12, A13, An, A15 or B13 in list 1. 

Similarly, one can prove that if T — Q2, then E is isomorphic to B21, -B22, A23, 
A24, B23 or B24, if T = Q 3 , then E is isomorphic to B 31 , B 32 , or ^4 33 ; if T = Q 4 , 
then E is isomorphic to -B41 or A42 in list 1. 

Conversely, using the method applied to prove Theorem 6.2 in [5], combining 
Theorem 14.171 and Theorem 14.101 in each case in list 2 one proves that the listed 
objects do form a tilting object in Si having the corresponding algebras as endo- 
morphism algebras. 

List 2 Realization of the endomorphism algebras of tilting complexes 

of type (2, 2, 2, 2) 
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123 



121 



E 3 E(uj + xi) 

F >- GE — >- GE2 

E 4 

E(lj + x-i) GE 2 
E 4 — >- F >- GE 

GE 3 



B 



23 



E(w + xi) GE 2 

F >- GE >~ GE3 

GE 4 



B 



24 



GE? 



E(lo + Xi) ^ GE ^ GE 3 ^ GF 

GE 4 



B. 



31 



E 3 _ E(w + xi) 

E" ^ F ' 



E A 



E(lu + x 2 ) 



B, 



■42 



E 3 E{w + x x ) 

FT ~GE 



Ea 



E(lu + x 2 ) 



133 



E4 — >• F ^^^^ GE — >• GE$ 

E(lo + x 2 ) 
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B 



41 




E(xi - x 2 ) 



E{u + x 2 ) 



-4 4 



E(X! 




E(t3 + Si) 



E(Cj + x 2 ) 



GE 



a 



4.5. Classification of Tilted algebras in the category of coherent sheaves. 

This subsection presents classification result for the endomorphism algebras of tilt- 
ing sheaves in cohX. Let a be a rational number and <fr a be the equivalence from 
the integral category @(a,a(a)] to cohX. 

Lemma 4.22. Let T be an object in 9{a, a(a)]. Then T is tilting in & if and only 
if &a(T) is a tilting sheaf in cohX. 

Proof. If $a(T) is a tilting sheaf in cohX, then T is clearly tilting in 3 since 
9 = L> b (cohX). 

On the contrary, if T is a tilting object in 9, then 



ExtJ ohX ($ a (T),$ a (T)) = ExtL Qia(a)] (T,T) = 9(T,T[1] 



0. 



That is, $> a (T) is extension- free in cohX. Moreover, for each object X £ cohX 
satisfying 

ExtJ ohx ($ a (T),X) = = Honi cohx (<& Q (T),X), 



we have 



then it follows 



^(T,$- 1 (X)®$- 1 (X)[1])=0, 
^(T ) 0$- 1 (X)[n]) = O. 



So the assumption that T is tilting in 9 implies ^~ 1 (X) — 0, hence X — 0. This 
finishes the proof. □ 

Now we present detailed classification result. 

Theorem 4.23. Let £' fee a finite dimensional k-algebra. Then £' is an endomor- 
phism algebra of a tilting sheaf in coh X i/ and only if it is isomorphic to some Bij 
in list 1. 

Proof. Since cohX is equivalent to the interval category £)(a,a(a)], £' can be 
viewed as the endomorphism algebra of a tilting object in @, with indecomposable 
direct summands are of slopes in the interval (a,a(a)], which pushes to a cluster 
tilting object in by Theorem [231 We use the quivers of the endomorphism alge- 
bras of cluster tilting objects in to finish the classification. For a cluster tilting 
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6 

object H in % ', we assume H — 7r(0 Tj) with /iX^ < /iTi+i for 1 < i < 5 as before. 

i=i 

If the quiver T of End<g>(iO is Q u by Lemma IT2"01 and KT§[ 

[iTx < [iT 2 = //T 3 = /iT 4 = < /iT 6 . 

Then according to Corollary 14.181 a lifting of H in ^ has one of the following 
forms (under the equivalence G ke ): 

6 6 5 

Ti, GT X © (0 Ti), (0 GTj) © T 6 . 

i=l i=2 i=l 

For some choice of the representatives for the arrows, we obtain that the endomor- 
phism algebras £' is isomorphic to B\\, B 12 or Bi 3 in list 1. 

Similarly, one can prove that if T = Q 2 , then £' is isomorphic to B21, B 22l 
S23 or B 2 4, if T — Q3,then E' is isomorphic to B31 or B32; if T = Q4, then E' is 
isomorphic to JB41. 

On the other hand, each object corresponding to By in list 2 gives a tilting sheaf 
that we need. □ 
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